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A nonlocal (fractional) Fokker-Planck

1
Oeu = g[Jgs * u— u] + div(xu) := Afu + div(xu) := LJu (1)

t>0,xcRyeec(0,1],s€(0,1]
JSe XN LP and J3(x) = e=9J5(x/e)
J(€) = 1= [€%% + Ro(€) where [Rs(€)] < Clé[>+

As £ — 0 the operator Ag approximates the Laplacian A and A
approximates the fractional Laplacian —(—A¥)

Not singular kernel, no regularization.
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@ Does this equation behave like the (fractional) Fokker-Planck for
large times?

@ Is there a positivity estimate valid as € — 0

@ Can we show exponential convergence towards the equilibrium

uniformly in £ e s? What's the shape of this equilibrium?

@ Can we estimate the speed of convergence of el<fug to ebotuyg
uniformly in time? What about the limit for s — 177
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Models arising in biology e.g., genetic circuits [Cafnizo, Carrillo,
Pajaro, 2019], growth fragmentation [Caceres, Caiizo, Mischler,
2011]: entropy methods

The latter are not easy to employ in the e-scaling.

Harris's Theorem to get the correct behaviour as € — 0. Toy model.

Numerical methods: preservation of the the long time behaviour of its
limiting equation ([Ayi, Herda, Hivert, Tristani, 2022], [Dujardin,
Herau, Lafitte, 2020] etc..)

Links with (generalized) Central Limit Theorem.

UNIVERSIDAD
DEGRANADA

Niccold Tassi (UGR) AB of NLFP Anacapri, 2025 5/22



Previous results

e Nonlocal Diffusion [Andreu et al., 2010]: for every T > 0
lim He fug — e~ (=A%t H =0
e—0 L>°(R9%(0,T))

Nonlocal Diffusion [Rey & Toscani, 2012]: s = 1 asymptotic with
speed of convergence in Fourier distance

@ Nonlocal Fokker Planck [Mischler & Tristani, 2017]: different
hypotheses on J and on the weights; splitting of the operator.
Related equations: e.g. [Ignat & Rossi, 2007], [Molino & Rossi,
2019], [Auricchio, Toscani, Zanella, 2023].

Others...

£

UNIVERSIDAD
DEGRANADA

Niccold Tassi (UGR) AB of NLFP Anacapri, 2025 6/22



Main result

Theorem (Cafiizo, T. (2024))

Under suitable hypotheses on J, and k, there exists a unique equilibrium
Fs € L} of equation (1) such that for ug € L%,

|lu(t,-) — F;HLk < Ce M |lup — FESHLi for every t > 0. (2)

with C > 1 and X > 0 independent of € and s.

@ The method is constructive and the constants are explicit

@ — )\ is not the first eigenvalue but it provides a bound of it.
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Harris's Theorem

Let S; be a stochastic semigroup on My
@ Confining Lyapunov condition: there exist T >0, 0 < Ay < 1, and
K > 0, such that

ISTully < (1= A0) llelly + K lel

@ A uniform positivity condition on a set C: there exist T > 0,
0 < a <1 and a probability i such that

STuzom/u
C

Harris's Theorem

If a semigroup (S¢)¢>0 satisfies the previous two hypotheses with C " big
enough”, then the semigroup has a unique invariant probability measure
1w* € Py and there exist A > 0, C > 1 such that

1Sen — p*[lv < CeX|lu—p*llv ~ fort>0 '

= = >yt

T
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We want to use Harris's Theorem?

We have to prove the two conditions:

@ Lyapunov condition is fairly straightforward
o Positivity
o No regularization effect
o Easy for a fixed €, while much harder to obtain it uniformly in &:
Ae — 0!
e Uniform in s?

"Harris(1956); Meyn & Tweedie (1992, 1993); Hairer & Mattingly (2011); ~UNvERsIDAD

DEGRANADA
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@ Write the solution u via Wild sums after some manipulation
u(t,x) = e(dfi)tuo(etx)
eld- ot G ( 1 Jt1 ..... ty
e Z o * Uo(e X)dtl...dtn.
n=1
ty,. -
where JZ 0 (x) t= Uy ek J2 L, (X).
o We want to bound the latter, independently on € and n.

o L*° Berry-Esseen Generalized Central Limit Theorem
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Berry-Esseen Theorem

Let f € P(RY) N LP(R) such that

F(€) = 1 [€[* + O(l€]***)

and define
f,-,(X) = (5n)df01 * faz A% 000 & fan(&nx)y

with 525 = Y"1 02°. Then, there exist N > 0 and a constant Cgg such

that for all n > N

Cge
I = GZll < —575,-

Idea of the proof: high and low frequencies [Goudon, Junca, Toscani, 2002]
[Hauray & Mischler, 2014]
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There exists an explicit eg(NV) such that
e For ¢ € [g0, 1] positivity is straightforward
@ For e < gq,
Jitn(x) > A for all x € B,

for all e < eg and for any ty,...,t, witht>t; >...t,>0and n

such that
t t
55 SN2
e2s e2s
@ Then, formally
1 25755 t th—1
u(t,x) > eldm )t Z g / JEt(efx — yug(y) dy dt, ... dt
—t 0 0 Bg,
25%5 1
_t t\"
> Ae¥e = Z (5?) m/ uo(y)dy>ACLedt/ u(y)dy %
n=—b- JBR, Br, UNIVERSIDAD
€ DE GRANADA
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Convergence: nonlocal to local for s =1

o With additional assumptions on J, for a nice fast enough decaying ¢,
we prove the consistency of the operator L.,

I(Le = Lo)<P|!L1 < Ce

e Consistency + Hille Yosida ( HL 1H < £ ) give the speed of
convergence of the equilibrium towards the standard Gaussian

IF: — Glly < Ce

Theorem (Nonlocal to local)

Under additionally regularity and decaying assumptions on ug, for every
t>0ande € (0,1]

< Ce

HeLgtuO _ eLotuO‘

Lk

o Consistency + stability give convergence for finite time UNIVERSIDAD
" " o . DE GRANADA

e "Spectral gap”+ convergence of the equilibrium
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Convergence: nonsingular to singular for s € [sp, 1)

Assume that § is such that there exists §’ > 0 such that 2sg + 6 = 2 + ¢'.
We can prove
o Consistency: For all s € [sp,1)

I1L2¢ — Loplln < Ce7
where ~ depends on ¢’ but NOT on s

o If one does not pay attention, the rate of convergence goes like e(1=5)
@ Proceeding as before we can prove

Theorem (Nonsingular to singular)

Under additional regularity and decaying assumptions on uy, for all t > 0,
e €(0,1], s € [s0,1]

S S
He"ftuo - eLOtUOH | = CgY
L
k

@ -y is explicit but not optimal since it comes from some interpolati®sivan
i i DEGRANADA
inequality
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Anomalous diffusion to classical diffusion

Assume that § is such that there exists 3’ > 0 such that 2sg +d =2 + ¢,
and assume that JS converges to J! in the following sense®

Ro(€) = Rui(€)| < C(1 - s)*[¢**

Under additional regularity and decaying assumption on ug, for all t > 0,
e €(0,1], s € [s0,1],

S
HeLstuo — ele

tuo’ e G(1-5)°(1+ Ge)

k

Again 3, v are explicit but not optimal

@ Example: stable laws
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We are investigating the following limits

)
£—>0"

8 ———> s =
/ / o

5§ —— TS
(78 F3 0— > T

U = F

v and v° are the solution of the classical and fractional Fokker Planck.
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Generalizations

@ Nonlocal Fokker-Planck with a different potential
@ Nonlocal Kinetic Fokker-Planck and linear BGK

e Nonautonomous equations: what if ¢ = ¢(t)?
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2

Nonautonomous nonlocal equations

Nonlocal (fractional) diffusion

@ Let's go back to the pure nonlocal (fractional) diffusion equation
orw=Jxw—w

@ Perform a self-similar type change of variables

__dt l 2st t
u(t,x)=e W(2s(e 1),ex)

and obtain the (non-autonomous) nonlocal Fokker-Planck equation
Oru = €™ (Jome % u — u) + div(xu)

If we fix e = e~" we obtain again (1)

2Ongoing work with José Caiiizo (IMAG) and Stéphane Mischler UNIVERSIDAD
(Université Paris Dauphine)
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Nonautonomous nonlocal equations

Growth-Fragmentation
@ Consider the following growth-fragmentation equation [Perthame, 2007]
0f(tx) = [ KOty dy = [ LK)t dy = £°F — Bf
X 0
@ Self-similar change of variables
g(t,x)=e *f(e"" —1,e 'x)
obtaining
Oig + g+ 0x(xg) =1L & — VB8
with kernel K.(x,y) :=e OV K(ex,ey).

@ In [Caceres, Caiiizo, Mischler (2011)] assuming homogeneity
K(rx,ry) = " K(x,y),

asymptotic convergence was established using entropy methods.

@ Drop the homogeneity condition and work with the
nonautonomous equation instead: UNIVERSIDAD
Harris’ theorem for two-parameter semigroups. DEGRANADA
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THANK YOU!

UNIVERSIDAD
DEGRANADA

Niccold Tassi (UGR) AB of NLFP Anacapri, 2025 20/22



References |

@ Andreu-Vaillo, F., Mazén, J. M., Rossi, J. D., & Toledo-Melero, J. J. (2010).
Nonlocal diffusion problems. American Mathematical Society; Real Sociedad
Matematica Espafiola. http://www.worldcat.org/isbn /9780821852309

@ Cafizo, J. A. and Mischler, S.; Harris-type results on geometric and subgeometric
convergence to equilibrium for stochastic semigroups., Journal of Functional
Analysis, 284(7), 109830. https://doi.org/10.1016/j.jfa.2022.109830, 2023.

@ Cafiizo J.A., Tassi N., A uniform-in-time nonlocal approximation of the standard
Fokker-Planck equation. Discrete and Continuous Dynamical Systems. doi:
10.3934/dcds.2025103

@ Goudon, T., Junca, S., & Toscani, G. (2002). Fourier-Based Distances and
Berry-Esseen Like Inequalities for Smooth Densities. Monatshefte Fiir Mathematik,
135(2), 115-136. https://doi.org/10.1007/s006050200010

@ Hairer, M., & Mattingly, J. C. (2011). Yet Another Look at Harris' Ergodic
Theorem for Markov Chains. In R. Dalang, M. Dozzi, & F. Russo (Eds.), Semigas..
on Stochastic Analysis, Random Fields and Applications VI (pp. 109-117). Sp{ , f‘
Basel. https://doi.org/10.1007/978-3-0348-0021-1_7

UNIVERSIDAD
DEGRANADA

Niccold Tassi (UGR) AB of NLFP Anacapri, 2025 21/22



References |l

D Hauray, M., & Mischler, S. (2014). On Kac's chaos and related problems. Journal
of Functional Analysis, 266(10), 6055-6157.
https: //doi.org/10.1016//].jfa.2014.02.030

@ Meyn, S. P., & Tweedie, R. L. (2010). Markov chains and stochastic stability.
Cambridge University Press. http://www.worldcat.org/isbn/9780521731829

@ Mischler, S., & Tristani, |. (2017). Uniform semigroup spectral analysis of the

discrete, fractional and classical Fokker-Planck equations. Journal de I'Ecole
Polytechnique — Mathématiques, 4, 389-433. https://doi.org/10.5802/jep.46

@ Perthame, B. (2007). Transport equations in biology. Frontiers in Mathematics.
https://doi.org/10.1007 /978-3-7643-7842-4

@ Rey, T., & Toscani, G. (2013). Large-Time Behavior of the Solutions to
Rosenau-Type Approximations to the Heat Equation. SIAM Journal on Applied
Mathematics, 73(4), 1416-1438. https://doi.org/10.1137,/120876290

D Tassi, N. Time asymptotics and scaling limits of a nonlocal Fokker-Planck equ%%
with heavy-tailed kernels, in preparation. )

UNIVERSIDAD
DEGRANADA

Niccold Tassi (UGR) AB of NLFP Anacapri, 2025 22/22



	Introduction
	Motivation
	Previous results

	Main result
	Harris's Theorem
	Asymptotic behaviour
	Limit as 0
	Limit as s1-

	Future perspective
	Nonautonomous nonlocal equations

	Acknowledgments
	References

